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We investigate a possibility of scale invariant but non-conformal supersymmetric field theories
from a perturbative approach. The explicit existence of monotonically decreasing a-function that
generates beta-functions as a gradient flow provides a strong obstruction for such a possibility at two-
loop order. We comment on the “discovery” of scale invariant but non-conformal renormalization
group trajectories via a “change of scheme” in (4− ǫ) dimension proposed in literatures.
PACS numbers:
INTRODUCTION
It is a long-standing problem whether scale invariant
unitary relativistic quantum field theories in four dimen-
sion actually show conformal invariance. In two dimen-
sion, the equivalence was proved [1][2][3], and in higher
dimension with d > 4, there is at least one explicit
counterexample [4][5]. A search for counterexamples in
d = 4−ǫ has been discussed [6][7][8]. We also have a grav-
itational argument supporting the equivalence [9][10][11].
In this paper, we study a possibility to construct scale
invariant but non-conformal field theories with a help
of supersymmetry in four as well as (4 − ǫ) dimension.
The general structure was investigated in [12], but with-
out the detail of the beta-functions, it has been unknown
whether the scale invariant supersymmetric field theories
are superconformal or not. We show that the existence of
monotonically decreasing a-function in supersymmetric
field theories at two-loop order hinders scale invariant but
non-conformal renormalization group trajectories within
a perturbation theory. Thus, at two-loop order, we con-
clude that supersymmetric scale invariant field theories
are all superconformal.
We also comment on the “discovery” of scale invariant
trajectories via a “change of scheme” in (4−ǫ) dimension
proposed by [7][8]. We argue that the existence of the
scale invariant but non-conformal trajectories as well as
the monotonically decreasing a-function indeed depend
on their “change of scheme” but such a change is not
natural at least in supersymmetric field theories. This
subtlety is intrinsic to the ambiguity in ǫ expansion and
should be absent in strict four-dimensional theories.
FORMALISM
In scale invariant relativistic quantum field theories in
arbitrary dimension greater than two, trace of an energy-
momentum tensor Tµν is given by the divergence of a
Virial current Vµ [13]:
T µµ = ∂
µVµ . (1)
The theory is conformal invariant if and only if we can
improve the energy-momentum tensor so that it is trace-
less. In terms of the Virial current, if and only if the
Virial current is a total derivative
Vµ = ∂
νLνµ + Jµ (2)
up to a conserved current Jµ (i.e. ∂
µJµ = 0), we can
improve the energy-momentum tensor so that the theory
is conformal [2].
In this paper, we consider the supersymmetric field
theories in (4 − ǫ) dimension with R-symmetry that al-
low perturbative scale invariance. Such theories consist
of vector multiplets whose field strength supermultiplets
are Wi with arbitrary gauge group and their coupling
constants g2ij , and matter chiral multiplets Φa with arbi-
trary representation (modulo anomaly cancellation) and
Yukawa-coupling constants Yabc. The theory is com-
pletely specified by the superpotential
W =
1
g2ij
WiWj + YabcΦ
aΦbΦc . (3)
Note that Yukawa-coupling constants Yabc can be chosen
to be completely symmetric in their indices. One may
introduce θ-parameters, but they will not affect the fol-
lowing perturbative analysis.
It was shown [12] that the structure of the Virial cur-
rent supermultiplet Vµ, whose lowest component is Vµ, is
highly constrained from the unitarity in supersymmetric
field theories with R-symmetry:
Vµ = ∂µU + σα˙βµ [D¯α˙, Dβ ]O . (4)
Here U and O are dimension-two singlet real scalar oper-
ators. The first term is irrelevant for our study because
we can always improve the energy momentum tensor to
eliminate it.
2To all orders in perturbation theory, O must take the
following form:
O = Q ab Φ¯aΦb , (5)
where Q ab is an Hermitian matrix. Actually, the same
conclusion follows even if we did not assume the R-
symmetry [25]. The corresponding Virial current is
Vµ = iQ
a
b (∂µφ¯aφ
b − φ¯a∂µφb + ψ¯aγµψb). (6)
The application of the equation of motion gives the di-
vergence of the Virial current
∂µVµ
= i(Q da Ydbc +Q
d
b Yadc +Q
d
c Yabd)(φ
aψbψc) + c.c.
+Q|Y |2φ4. (7)
The supersymmetry relates the Yukawa-interaction with
the φ4 interaction schematically represented by Q|Y |2φ4,
and the detail of the latter is not important in our study.
Here it is important to note that we have implicitly as-
sumed the existence of the renormalization scheme where
the equation of motion holds in the perturbation theory.
On the other hand, the trace of the energy-momentum
tensor is given by the beta-functions of the coupling con-
stants g2ij and Y
abc.
T µµ = β
g2ijF iµνF
jµν
+ βYabc(φaψbψc) + c.c.
+ · · · , (8)
where · · · denotes the other terms that complete the su-
persymmetry such as φ4 interactions or those that in-
volve gauginos. Due to the supersymmetry, these omit-
ted terms will not add any new information in the fol-
lowing discussion.
Scale invariance means that the trace of the energy-
momentum tensor must be expressed as a divergence of
the Virial current. First of all, when ǫ = 0, it demands
that the beta-functions for the gauge coupling constant
must vanish
βg
2
ij = 0 . (9)
We assume that these equations are solved.
When ǫ = 0, the additional condition from the
Yukawa-coupling constants is
i(Q da Ydbc +Q
d
b Yadc +Q
d
c Yabd)
= (Γ da Ydbc + Γ
d
b Yadc + Γ
d
c Yabd) . (10)
Here, we have used the fact that the anomalous dimen-
sion Γ ba will determine the beta-functions of the Yukawa-
coupling constants in supersymmetric theories. A priori,
it is not obvious whether all the solutions of (9) and (10)
demand QY ≡ (Q da Ydbc + Q db Yadc + Q dc Yabd) = 0. In
N = 2 supersymmetric case, (9) means that the anoma-
lous dimension matrix Γ ba automatically vanish, so ob-
viously they are superconformal. In generic N = 1 su-
persymmetric case, we need more detailed information of
the beta-functions. One of the advantages of the super-
symmetry, however, is that the stability of the potential is
automatically guaranteed unlike the non-supersymmetric
case studied in [7][8].
At one-loop order, Γ da =
1
2YabcY¯
dbc + 3g2(t2) da [26],
so by contracting QY on the both side of (10), and by
observing that the left-hand side is a pure imaginary
number while the right-hand side is a real number, we
conclude QY must vanish at this order (see [6][7] for a
similar argument in non-supersymmetric case). At two-
loop or higher, we have not been aware of a simple proof
of vanishing of QY . From phenomenological studies with
a small number of matters, however, all the solutions of
(10) seem to indicate QY = 0 via analytical as well as
numerical approach. In the next section, we will give an
indirect evidence of the non-existence of scale invariant
but non-conformal trajectories in these perturbative su-
persymmetric theories based on the explicit existence of
the monotonically decreasing a-function that generates
beta-functions as a gradient flow.
PERTURBATIVE EXISTENCE OF a-FUNCTION
In this section, we embody the idea to utilize the exis-
tence of monotonically decreasing a-function [15] to show
the non-existence of scale invariant but non-conformal
field theories at two-loop order. Let us consider the most
generic Wess-Zumino model in (4 − ǫ) dimension, which
is completely specified by the Yukawa-coupling constants
Yabc. We can directly show that the two-loop beta-
function [16]
βYabc = −ǫYabc + (Γ da Ydbc + Γ db Yadc + Γ dc Yabd) (11)
with the anomalous dimension matrix
Γ ba = P
b
a − Y¯ bcdYaceP ed , (12)
where P ba =
1
2 Y¯
bcdYacd, can be generated by an “a-
function”
a = a0 − ǫ
3
tr(Y¯ Y )
+ (
1
4
+
ǫ
8
)tr((Y¯ Y )(Y¯ Y ))− Y¯ acdYbceP ed P ba
− 1
24
tr((Y¯ Y )(Y¯ Y )(Y¯ Y )) , (13)
where a0 is a constant and (Y¯ Y )
a
b = Y¯
acdYbcd, with
the “metric” of the coupling constant space (symbolically
3denoted by gI)
ds2 = GIJdg
IdgJ
=
2
3
dY¯ abcdYabc − 1
2
tr((dY¯ dY )(Y¯ Y )) . (14)
as a gradient flow
∂Yabca = GYabcY¯ efgβ
Y¯ efg . (15)
We have added ǫ dependent terms to the result found in
the literature [15] in order to reproduce the classical part
in the beta-function (11). Up to two-loop accuracy, we
still have some freedom to modify the a-function as well
as the metric [15], but it is not relevant for our study of
two-loop search of the scale invariant trajectories. We
also note that our a may be different from the actual
“central charge” away from the conformal invariant fixed
point.
This gradient flow immediately implies that the a-
function is monotonically decreasing
da
d logµ
= −βYabcGYabcY¯ efgβY¯
efg
(16)
for sufficiently small coupling constants Yabc ∼ √ǫ ≪
0 near all one-loop conformal fixed points because the
“metric” is positive definite when ǫ≪ 1.
We now argue that the existence of scale invariant
but non-conformal trajectories at two-loop is inconsis-
tent with the monotonically decreasing a-function explic-
itly constructed here. Suppose that there exists such a
trajectory, then along the trajectory, a continues to de-
crease:
da
d log µ
= −(Y¯ Q)G(QY ) < 0 . (17)
At this point, we recall that the two-loop scale invari-
ant trajectory should approximately lie on the one-loop
conformal fixed points. The one-loop conformal fixed
points form a trajectory generated by the action of Q
on a given reference one-loop conformal fixed point Y0
(which is nothing but the field redefinition to generate
new fixed points), and the two-loop scale invariant tra-
jectory, if any, approximately moves along this trajectory
generated by the same Q with the speed of order ǫ2 for
its one-loop consistency [27].
In particular, after a sufficiently large time (at least of
order ǫ−2), the two-loop scale invariant trajectory gener-
ated by non-zero beta-functions will return to the original
point Y0 (when the trajectory closes), or it comes back
arbitrary close to the original point (when the trajectory
is chaotic) [7][8], while a decreases forever. However, we
know that a is a globally defined smooth function on the
coupling constant space, which is explicitly given by (13),
so it is impossible for a to decrease perpetually along the
closed or chaotic but bounded trajectory.
Thus, the existence of the explicit a-function at two-
loop order means that we cannot find scale invariant but
non-conformal trajectories in (4 − ǫ) dimensional Wess-
Zumino model with the same accuracy of the loop ap-
proximation. Indeed analytic as well as numerical study
of the model with small numbers of fields verify this state-
ment.
Note that our argument is quite generic so it applies
not only to the Wess-Zumino models in (4 − ǫ) dimen-
sion, but also to supersymmetric gauge theory with ar-
bitrary matters and Yukawa-coupling constants in strict
four-dimensional limit thanks to the existence of the ex-
plicit a-function [15] that generates beta-functions as a
gradient flow. Thus within a perturbatively accessible
regime, where the ǫ parameter is replaced by a small
control parameter such as
3Nc−Nf
Nc
in SQCD, it is impos-
sible to find scale invariant but non-conformal trajecto-
ries in supersymmetric gauge theories at two-loop order.
The existence of the gradient flow is argued positively at
higher-loop orders [15][16][17], and if this is true, we will
never find a scale invariant but non-conformal trajectory
in these models.
COMMENT ON [7][8]
Most of the discussion in this paper is actually appli-
cable to non-supersymmetric field theories as well when
we accept the existence of the monotonically decreasing
“a-function” that generates the renormalization group as
a gradient flow. The existence was claimed to all orders
in perturbation theory in [17][18][15]. In particular, the
scale invariant but non-conformal field theories cannot
exist due to the same reason presented in the last sec-
tion.
How is this consistent with the “discovery” of the scale
invariant but non-conformal renormalization group tra-
jectory in non-supersymmetric field theories in (4− ǫ) di-
mension proposed in [7][8] at the “two-loop” order? The
authors are aware of the obstruction [17][18] and claim
that the gradient flow does not exist in their examples.
Let us elaborate on this point.
First, we emphasize that in the dimensional regular-
ization scheme what they found actually is that all the
theories under investigation are conformal invariant up
to two loops where their approximation can be trusted.
At this point, it must be consistent with the existence
of a-function at two-loop order. Then, they proposed a
most generic “change of scheme” to show the existence
of scale invariant but non-conformal trajectories at two-
loop order.
We would like to clarify the nature of their “change
of scheme” here: in particular, it is curious how the
“change of scheme” can affect the physical conclusion
whether the theory is conformal or only scale invari-
ant. Indeed, if the “change of scheme” used in [7][8]
4were a mere reparametrization in the space of coupling
constants, then the conclusion should not change. For
instance, the condition of the conformal invariance
βI =
dgI
d logµ
= 0 (18)
is invariant under the small reparametrization gI → gI+
AIJKg
JgK . So is the existence of the a-function:
∂Ia = gIJβ
J ,
da
d logµ
= −gIJβIβJ . (19)
These equations are manifestly covariant under the
reparametrization, and the physical conclusion should
not depend on the change of scheme.
The resolution of the apparent puzzle is that the
“change of scheme” used in [7][8] in (4 − ǫ) dimension is
not a simple reparametrization. Suppose that in one par-
ticular dimensional regularization scheme, we have ob-
tained the beta-function
βI = −ǫgI + β(1)IKL gKgL + β(2)IKLMgKgLgM + · · · . (20)
A small reparametrization gI → gI + AIJKgJgK will
generically introduce not only the “two-loop” shift men-
tioned in [7][8] but also the “one-loop” term that explic-
itly depends on ǫ:
δβI = +ǫAIJKg
JgK . (21)
This term is crucial to maintain the covariance of the
conformal invariant condition as well as the existence of
the perturbative a-function in (4 − ǫ) dimension under
reparametrization.
In [7][8], the explicit ǫ dependent term beyond the clas-
sical term such as (21) is dropped by hand after the
reparametrization, and this affects the structure of the
conformal invariance at O(ǫ2), which enabled them to
“discover” a scale invariant but non-conformal trajectory
via the “change of scheme”. They could deliver the va-
lidity of the procedure by arguing that they could have
done the change of scheme in the strict four-dimensional
limit (i.e. ǫ = 0), and then added the classical piece of
the beta-function so that the ǫ dependent one-loop term
such as (21) would never appear. In other words, since
the change of scheme and the introduction of non-zero
ǫ do not commute, we should have known the regular-
ization scheme where there is no other ǫ dependence in
(20) from the beginning to argue the existence of the a-
function. Unless we give an independent argument which
regularization is natural, we cannot conclude whether the
lack of the integrability in beta-functions in (4 − ǫ) di-
mension after the change of scheme is physical or not.
In our supersymmetric case, on the other hand, there
exists a manifestly supersymmetric regularization scheme
where the holomorphic structure is maintained, and the
random change of scheme would not be allowed. There-
fore, the existence of the perturbative a-function in (4−ǫ)
dimension seems rather robust.
For instance, we could try their “change of scheme” in
the general Wess-Zumino model studied in the last sec-
tion. If we dropped the ǫ dependent one-loop term by
hand subsequently after the small reparametrization of
the Yukawa-coupling constants Y → A|Y |2Y , then we
would observe that the existence of the monotonically
decreasing a-function is generically lost, and we would
be able to find a scale invariant but non-conformal tra-
jectories that emerge as early as at two-loop order.
An explicit example is in order. Consider the Wess-
Zumino model with four chiral fields Φi i = 1, 2, 3, 4 with
the superpotential
W = (x1Φ1 + x2Φ2)Φ3Φ3 + (y1Φ1 + y2Φ2)Φ4Φ4 (22)
in (4 − ǫ) dimension. We can easily show that to all or-
ders in perturbation theory, fixed points are, if any, all
conformal (e.g. x1 = x2 ∼ √ǫ, y1 = −y2 ∼ √ǫ) and
the non-trivial Virial current vanishes. If we performed
a “change of scheme” induced by the reparametrization
xi → xi + k(y¯jyj)yi and crucially discard the ǫ de-
pendent one-loop part of the beta-functions by hand,
then the scale invariant but non-conformal trajectories
emerge, where the parameter Q for the Virial current
i(Φ¯1Φ
2 − Φ¯2Φ1) is proportional to k. This change of
scheme is very artificial, however, because it does not pre-
serve the holomorphic structure as well as the spurious
charge assignment for xi and yi. This example clearly
illustrates the possibility that the “change of scheme”
employed in [7][8] could transform even all-order confor-
mal fixed points into a scale invariant but non-conformal
trajectory at two-loop [28].
CONCLUSION
We have investigated a possibility of scale invariant but
non-conformal supersymmetric field theories from a per-
turbative approach. The explicit existence of monotoni-
cally decreasing a-function provides a strong obstruction
for such a possibility at two-loop order. We have argued
that the “change of scheme” employed in [7][8] is not co-
variant under reparametrization in (4−ǫ) dimension, and
this is the reason why they circumvented the obstruction
coming from the existence of a-function in a conventional
dimensional regularization scheme.
The rather artificial lack of covariance under the
reparametrization discussed in the last section due to a
subtlety or ambiguity in ǫ expansion disappears in the
strict four-dimensional limit, and the existence of the a-
function that generates beta-functions as a gradient flow
should be reparametrization invariant or scheme inde-
pendent. Thus, in the strict four-dimensional limit, we
5conclude that there indeed exists an obstruction to find
a scale invariant but non-conformal field theories within
a perturbative regime if the monotonically decreasing a-
function is constructed in line with the claim in [18]. It
would be interesting to see whether the non-perturbative
reformulation of the a-function (see e.g. [19][20] for re-
cent discussions) would lead to a more comprehensive
understanding of the relation between scale invariance
and conformal invariance in four dimension. At the same
time, it may be possible (beyond the perturbation the-
ory) that the gradient flow may not exist and the scale
invariant but non-conformal field theory is possible in
four dimension unlike in two-dimension where the exis-
tence was proved.
The most natural value of the anomalous dimension
matrix that will lead to a conformal fixed point is given
by the “a-maximization” procedure [21]. However, a pri-
ori, there is no guarantee that given a particular value of
the anomalous dimension matrix via the a-maximization,
we can solve the corresponding coupling constants from
the actual beta-functions. One known possibility is that
the corresponding value breaks the unitarity and the con-
tribution from the accidental symmetry must be taken
into account. The other logical possibility here, is that
you may have to augment the Virial current contribu-
tion to solve them. Then, the (almost) derivation of the
a-theorem would not hold. To understand the gradient
flow of the a-function beyond the perturbation theory,
the a-maximization with Lagrange multipliers (see e.g.
[22][23]) seemed promising, but we have to overcome this
inverse problem in any way.
Finally, it would be very interesting to see if the rela-
tion between the existence of the gradient flow and the
scale invariant but non-conformal trajectories are clar-
ified from the holographic viewpoint. In particular, we
would like to shed more light on the role of the null energy
condition in both sides (see e.g. [11][24]). This direction
is under investigation.
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